
Generalization 
Bounds

 



Realizable case
<latexit sha1_base64="BX7cUJaz9AxrV66TzsYOZ2vg3uM="></latexit>

Theorem: Fix a finite hypothesis class H so that |H| < 1 and for all h 2 H

we have h(x) 2 {�1, 1}. Let (x1, y1), . . . , (xn, yn)
iid
⇠ ⌫ where yi 2 {�1, 1}. For

any h 2 H define bRn(h) = 1
n

Pn
i=1 1{h(xi) 6= yi} and R(h) = P(h(X) 6= Y )

where (X,Y ) ⇠ ⌫. Assume there exists an h⇤ 2 H such that R(h⇤) = 0. If
bh = argminh2H

bRn(h) then with probability at least 1� � we have

R(bh)  log(|H|/�)

n

where (X,Y ) ⇠ ⌫.



Realizable case - Proof



Realizable case - Proof



Realizable case
<latexit sha1_base64="BX7cUJaz9AxrV66TzsYOZ2vg3uM="></latexit>

Theorem: Fix a finite hypothesis class H so that |H| < 1 and for all h 2 H

we have h(x) 2 {�1, 1}. Let (x1, y1), . . . , (xn, yn)
iid
⇠ ⌫ where yi 2 {�1, 1}. For

any h 2 H define bRn(h) = 1
n

Pn
i=1 1{h(xi) 6= yi} and R(h) = P(h(X) 6= Y )

where (X,Y ) ⇠ ⌫. Assume there exists an h⇤ 2 H such that R(h⇤) = 0. If
bh = argminh2H

bRn(h) then with probability at least 1� � we have

R(bh)  log(|H|/�)

n

where (X,Y ) ⇠ ⌫.



Agnostic (Non-realizable) case
<latexit sha1_base64="q2i/8ScgE/uwQwPYLApCzhttn+I="></latexit>

Theorem: Fix a finite hypothesis class H so that |H| < 1 and for all h 2 H

we have h(x) 2 {�1, 1}. Let (x1, y1), . . . , (xn, yn)
iid
⇠ ⌫ where yi 2 {�1, 1}. For

any h 2 H define bRn(h) = 1
n

Pn
i=1 1{h(xi) 6= yi} and R(h) = P(h(X) 6= Y )

where (X,Y ) ⇠ ⌫. If bh = argminh2H
bRn(h) then with probability at least 1� �

we have

R(bh)�R(h⇤) 

r
2 log(|H|/�)

n
.
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Agnostic (Non-realizable) case - Proof
<latexit sha1_base64="gXBNHAx76+L2o0SZCKibdVKPYKc="></latexit>

Lemma (Hoe↵ding’s inequality): Let Z1, . . . , Zn
iid⇠ ⌫ where E[Zi] = µ and

Zi 2 [a, b] almost surely. Then
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Agnostic (Non-realizable) case - Proof



Agnostic (Non-realizable) case
<latexit sha1_base64="q2i/8ScgE/uwQwPYLApCzhttn+I="></latexit>

Theorem: Fix a finite hypothesis class H so that |H| < 1 and for all h 2 H

we have h(x) 2 {�1, 1}. Let (x1, y1), . . . , (xn, yn)
iid
⇠ ⌫ where yi 2 {�1, 1}. For

any h 2 H define bRn(h) = 1
n

Pn
i=1 1{h(xi) 6= yi} and R(h) = P(h(X) 6= Y )

where (X,Y ) ⇠ ⌫. If bh = argminh2H
bRn(h) then with probability at least 1� �

we have

R(bh)�R(h⇤) 

r
2 log(|H|/�)

n
.



Agnostic (Non-realizable) case - Interpolation 
<latexit sha1_base64="Alux9884SMHIFjMAWjqaifbu7EE="></latexit>

Theorem: Fix a finite hypothesis class H so that |H| < 1 and for all h 2 H

we have h(x) 2 {�1, 1}. Let (x1, y1), . . . , (xn, yn)
iid
⇠ ⌫ where yi 2 {�1, 1}. For

any h 2 H define bRn(h) = 1
n

Pn
i=1 1{h(xi) 6= yi} and R(h) = P(h(X) 6= Y )

where (X,Y ) ⇠ ⌫. If bh = argminh2H
bRn(h) then with probability at least 1� �

we have

R(bh)�R(h⇤) 

r
2R(h⇤) log(2|H|/�)

n
+

log(2|H|/�)

n
.

Proof: Use Bernstein’s inequality instead of Hoeffding.



Infinite classes
<latexit sha1_base64="Alux9884SMHIFjMAWjqaifbu7EE="></latexit>

Theorem: Fix a finite hypothesis class H so that |H| < 1 and for all h 2 H

we have h(x) 2 {�1, 1}. Let (x1, y1), . . . , (xn, yn)
iid
⇠ ⌫ where yi 2 {�1, 1}. For

any h 2 H define bRn(h) = 1
n

Pn
i=1 1{h(xi) 6= yi} and R(h) = P(h(X) 6= Y )

where (X,Y ) ⇠ ⌫. If bh = argminh2H
bRn(h) then with probability at least 1� �

we have

R(bh)�R(h⇤) 

r
2R(h⇤) log(2|H|/�)

n
+

log(2|H|/�)

n
.

<latexit sha1_base64="T+XrnhMdB38We+xmGhlnzKbynDc="></latexit>

What if |H| is infinite such as the space of all hyperplane classifers?



Infinite classes
<latexit sha1_base64="Alux9884SMHIFjMAWjqaifbu7EE="></latexit>

Theorem: Fix a finite hypothesis class H so that |H| < 1 and for all h 2 H

we have h(x) 2 {�1, 1}. Let (x1, y1), . . . , (xn, yn)
iid
⇠ ⌫ where yi 2 {�1, 1}. For

any h 2 H define bRn(h) = 1
n

Pn
i=1 1{h(xi) 6= yi} and R(h) = P(h(X) 6= Y )

where (X,Y ) ⇠ ⌫. If bh = argminh2H
bRn(h) then with probability at least 1� �

we have

R(bh)�R(h⇤) 

r
2R(h⇤) log(2|H|/�)

n
+

log(2|H|/�)

n
.

<latexit sha1_base64="T+XrnhMdB38We+xmGhlnzKbynDc="></latexit>

What if |H| is infinite such as the space of all hyperplane classifers?

Lots of tools to address this: 
- minimum description length 
- VC-dimension and Rademacher complexity 
- Covering number / log-entropy bounds



Online Learning



Realizable case
<latexit sha1_base64="BX7cUJaz9AxrV66TzsYOZ2vg3uM="></latexit>

Theorem: Fix a finite hypothesis class H so that |H| < 1 and for all h 2 H

we have h(x) 2 {�1, 1}. Let (x1, y1), . . . , (xn, yn)
iid
⇠ ⌫ where yi 2 {�1, 1}. For

any h 2 H define bRn(h) = 1
n

Pn
i=1 1{h(xi) 6= yi} and R(h) = P(h(X) 6= Y )

where (X,Y ) ⇠ ⌫. Assume there exists an h⇤ 2 H such that R(h⇤) = 0. If
bh = argminh2H

bRn(h) then with probability at least 1� � we have

R(bh)  log(|H|/�)

n

where (X,Y ) ⇠ ⌫.

All the guarantees of the previous section (and the entirety of this class so far) 
has relied critically on (x,y) being drawn IID. Can we say anything if (x,y) are 
chosen adversarially? 



Online learning

Spammer

Real mail

Spam filter 
(Classifier)

xt ̂y t
1{ ̂y t ≠ yt}



Online learning
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

Settings of interest:

IID
<latexit sha1_base64="dRhfmSunpIxz0cwXiESiRKE9+jQ=">AAAB+3icdVBNS8NAEN3Ur1q/Yj16WSxCBSlJkdreil48VrAf0JSw2W7bpZtN2J1IS+lf8eJBEa/+EW/+GzdtBRV9MPB4b4aZeUEsuAbH+bAya+sbm1vZ7dzO7t7+gX2Yb+koUZQ1aSQi1QmIZoJL1gQOgnVixUgYCNYOxtep375nSvNI3sE0Zr2QDCUfcErASL6dL058OJ/6cIY9zUPsycS3C07JMahUcErcquMaUqtVy+UadheW4xTQCg3ffvf6EU1CJoEKonXXdWLozYgCTgWb57xEs5jQMRmyrqGShEz3Zovb5/jUKH08iJQpCXihfp+YkVDraRiYzpDASP/2UvEvr5vAoNqbcRknwCRdLhokAkOE0yBwnytGQUwNIVRxcyumI6IIBRNXzoTw9Sn+n7TKJbdScm8vCvWrVRxZdIxOUBG56BLV0Q1qoCaiaIIe0BN6tubWo/VivS5bM9Zq5gj9gPX2CRcDk9o=</latexit>

(xt, yt) ⇠ ⌫

Adversarial
<latexit sha1_base64="eTtKClmksEV8UnbMjfNVUAAIZcU=">AAACB3icdVDLSgMxFM3UV62vUZeCBIugIGVmWlvdFd24VLCt0A5DJk01NPMguSMOQ3du/BU3LhRx6y+482/M2AoqekLgcM69N7nHjwVXYFnvRmFqemZ2rjhfWlhcWl4xV9faKkokZS0aiUhe+EQxwUPWAg6CXcSSkcAXrOMPj3O/c82k4lF4DmnM3IBchnzAKQEteebmzo0He6kHu7iXH2A3kBHpc5BEpiPPLFuVw4O6s+9gq2JZDadaz4nTqDlVbGslRxlNcOqZb71+RJOAhUAFUaprWzG4eiJwKtio1EsUiwkdkkvW1TQkAVNu9rnHCG9rpY8HkdQ3BPypfu/ISKBUGvi6MiBwpX57ufiX101gcOBmPIwTYCEdPzRIBIYI56HgPpeMgkg1IVRy/VdMr4gkFHR0JR3C16b4f9J2Kna9Yp/Vys2jSRxFtIG20A6yUQM10Qk6RS1E0S26R4/oybgzHoxn42VcWjAmPevoB4zXD6B1mTY=</latexit>

(xt, yt) arbitrary



Online learning - IID
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

IID
<latexit sha1_base64="dRhfmSunpIxz0cwXiESiRKE9+jQ=">AAAB+3icdVBNS8NAEN3Ur1q/Yj16WSxCBSlJkdreil48VrAf0JSw2W7bpZtN2J1IS+lf8eJBEa/+EW/+GzdtBRV9MPB4b4aZeUEsuAbH+bAya+sbm1vZ7dzO7t7+gX2Yb+koUZQ1aSQi1QmIZoJL1gQOgnVixUgYCNYOxtep375nSvNI3sE0Zr2QDCUfcErASL6dL058OJ/6cIY9zUPsycS3C07JMahUcErcquMaUqtVy+UadheW4xTQCg3ffvf6EU1CJoEKonXXdWLozYgCTgWb57xEs5jQMRmyrqGShEz3Zovb5/jUKH08iJQpCXihfp+YkVDraRiYzpDASP/2UvEvr5vAoNqbcRknwCRdLhokAkOE0yBwnytGQUwNIVRxcyumI6IIBRNXzoTw9Sn+n7TKJbdScm8vCvWrVRxZdIxOUBG56BLV0Q1qoCaiaIIe0BN6tubWo/VivS5bM9Zq5gj9gPX2CRcDk9o=</latexit>

(xt, yt) ⇠ ⌫
<latexit sha1_base64="xB+H8rS9JexS7YOlmtvfQ70fQJ0="></latexit>

We know learning theory! Choose ht 2 argminh2H

Pt�1
s=1 1{h(xs) 6= ys}



Online learning - IID
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

IID
<latexit sha1_base64="dRhfmSunpIxz0cwXiESiRKE9+jQ=">AAAB+3icdVBNS8NAEN3Ur1q/Yj16WSxCBSlJkdreil48VrAf0JSw2W7bpZtN2J1IS+lf8eJBEa/+EW/+GzdtBRV9MPB4b4aZeUEsuAbH+bAya+sbm1vZ7dzO7t7+gX2Yb+koUZQ1aSQi1QmIZoJL1gQOgnVixUgYCNYOxtep375nSvNI3sE0Zr2QDCUfcErASL6dL058OJ/6cIY9zUPsycS3C07JMahUcErcquMaUqtVy+UadheW4xTQCg3ffvf6EU1CJoEKonXXdWLozYgCTgWb57xEs5jQMRmyrqGShEz3Zovb5/jUKH08iJQpCXihfp+YkVDraRiYzpDASP/2UvEvr5vAoNqbcRknwCRdLhokAkOE0yBwnytGQUwNIVRxcyumI6IIBRNXzoTw9Sn+n7TKJbdScm8vCvWrVRxZdIxOUBG56BLV0Q1qoCaiaIIe0BN6tubWo/VivS5bM9Zq5gj9gPX2CRcDk9o=</latexit>

(xt, yt) ⇠ ⌫



Online learning - IID
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

IID
<latexit sha1_base64="dRhfmSunpIxz0cwXiESiRKE9+jQ=">AAAB+3icdVBNS8NAEN3Ur1q/Yj16WSxCBSlJkdreil48VrAf0JSw2W7bpZtN2J1IS+lf8eJBEa/+EW/+GzdtBRV9MPB4b4aZeUEsuAbH+bAya+sbm1vZ7dzO7t7+gX2Yb+koUZQ1aSQi1QmIZoJL1gQOgnVixUgYCNYOxtep375nSvNI3sE0Zr2QDCUfcErASL6dL058OJ/6cIY9zUPsycS3C07JMahUcErcquMaUqtVy+UadheW4xTQCg3ffvf6EU1CJoEKonXXdWLozYgCTgWb57xEs5jQMRmyrqGShEz3Zovb5/jUKH08iJQpCXihfp+YkVDraRiYzpDASP/2UvEvr5vAoNqbcRknwCRdLhokAkOE0yBwnytGQUwNIVRxcyumI6IIBRNXzoTw9Sn+n7TKJbdScm8vCvWrVRxZdIxOUBG56BLV0Q1qoCaiaIIe0BN6tubWo/VivS5bM9Zq5gj9gPX2CRcDk9o=</latexit>

(xt, yt) ⇠ ⌫

# of mistakes grows 
only logarithmically!



Online learning - Adversarial 
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

Adversarial
<latexit sha1_base64="eTtKClmksEV8UnbMjfNVUAAIZcU=">AAACB3icdVDLSgMxFM3UV62vUZeCBIugIGVmWlvdFd24VLCt0A5DJk01NPMguSMOQ3du/BU3LhRx6y+482/M2AoqekLgcM69N7nHjwVXYFnvRmFqemZ2rjhfWlhcWl4xV9faKkokZS0aiUhe+EQxwUPWAg6CXcSSkcAXrOMPj3O/c82k4lF4DmnM3IBchnzAKQEteebmzo0He6kHu7iXH2A3kBHpc5BEpiPPLFuVw4O6s+9gq2JZDadaz4nTqDlVbGslRxlNcOqZb71+RJOAhUAFUaprWzG4eiJwKtio1EsUiwkdkkvW1TQkAVNu9rnHCG9rpY8HkdQ3BPypfu/ISKBUGvi6MiBwpX57ufiX101gcOBmPIwTYCEdPzRIBIYI56HgPpeMgkg1IVRy/VdMr4gkFHR0JR3C16b4f9J2Kna9Yp/Vys2jSRxFtIG20A6yUQM10Qk6RS1E0S26R4/oybgzHoxn42VcWjAmPevoB4zXD6B1mTY=</latexit>

(xt, yt) arbitrary



Online learning - Adversarial
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

<latexit sha1_base64="xB+H8rS9JexS7YOlmtvfQ70fQJ0="></latexit>

We know learning theory! Choose ht 2 argminh2H

Pt�1
s=1 1{h(xs) 6= ys}

Adversarial
<latexit sha1_base64="eTtKClmksEV8UnbMjfNVUAAIZcU=">AAACB3icdVDLSgMxFM3UV62vUZeCBIugIGVmWlvdFd24VLCt0A5DJk01NPMguSMOQ3du/BU3LhRx6y+482/M2AoqekLgcM69N7nHjwVXYFnvRmFqemZ2rjhfWlhcWl4xV9faKkokZS0aiUhe+EQxwUPWAg6CXcSSkcAXrOMPj3O/c82k4lF4DmnM3IBchnzAKQEteebmzo0He6kHu7iXH2A3kBHpc5BEpiPPLFuVw4O6s+9gq2JZDadaz4nTqDlVbGslRxlNcOqZb71+RJOAhUAFUaprWzG4eiJwKtio1EsUiwkdkkvW1TQkAVNu9rnHCG9rpY8HkdQ3BPypfu/ISKBUGvi6MiBwpX57ufiX101gcOBmPIwTYCEdPzRIBIYI56HgPpeMgkg1IVRy/VdMr4gkFHR0JR3C16b4f9J2Kna9Yp/Vys2jSRxFtIG20A6yUQM10Qk6RS1E0S26R4/oybgzHoxn42VcWjAmPevoB4zXD6B1mTY=</latexit>

(xt, yt) arbitrary

?

It ha lit for haff



Online learning - Adversarial
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

<latexit sha1_base64="xB+H8rS9JexS7YOlmtvfQ70fQJ0="></latexit>

We know learning theory! Choose ht 2 argminh2H

Pt�1
s=1 1{h(xs) 6= ys}

Adversarial
<latexit sha1_base64="eTtKClmksEV8UnbMjfNVUAAIZcU=">AAACB3icdVDLSgMxFM3UV62vUZeCBIugIGVmWlvdFd24VLCt0A5DJk01NPMguSMOQ3du/BU3LhRx6y+482/M2AoqekLgcM69N7nHjwVXYFnvRmFqemZ2rjhfWlhcWl4xV9faKkokZS0aiUhe+EQxwUPWAg6CXcSSkcAXrOMPj3O/c82k4lF4DmnM3IBchnzAKQEteebmzo0He6kHu7iXH2A3kBHpc5BEpiPPLFuVw4O6s+9gq2JZDadaz4nTqDlVbGslRxlNcOqZb71+RJOAhUAFUaprWzG4eiJwKtio1EsUiwkdkkvW1TQkAVNu9rnHCG9rpY8HkdQ3BPypfu/ISKBUGvi6MiBwpX57ufiX101gcOBmPIwTYCEdPzRIBIYI56HgPpeMgkg1IVRy/VdMr4gkFHR0JR3C16b4f9J2Kna9Yp/Vys2jSRxFtIG20A6yUQM10Qk6RS1E0S26R4/oybgzHoxn42VcWjAmPevoB4zXD6B1mTY=</latexit>

(xt, yt) arbitrary

?

Hint: many classifiers achieve minimum, assume adversary knows your tie-breaking strategy

mutanefly

Yt halal



Online learning - Adversarial
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

Adversarial
<latexit sha1_base64="eTtKClmksEV8UnbMjfNVUAAIZcU=">AAACB3icdVDLSgMxFM3UV62vUZeCBIugIGVmWlvdFd24VLCt0A5DJk01NPMguSMOQ3du/BU3LhRx6y+482/M2AoqekLgcM69N7nHjwVXYFnvRmFqemZ2rjhfWlhcWl4xV9faKkokZS0aiUhe+EQxwUPWAg6CXcSSkcAXrOMPj3O/c82k4lF4DmnM3IBchnzAKQEteebmzo0He6kHu7iXH2A3kBHpc5BEpiPPLFuVw4O6s+9gq2JZDadaz4nTqDlVbGslRxlNcOqZb71+RJOAhUAFUaprWzG4eiJwKtio1EsUiwkdkkvW1TQkAVNu9rnHCG9rpY8HkdQ3BPypfu/ISKBUGvi6MiBwpX57ufiX101gcOBmPIwTYCEdPzRIBIYI56HgPpeMgkg1IVRy/VdMr4gkFHR0JR3C16b4f9J2Kna9Yp/Vys2jSRxFtIG20A6yUQM10Qk6RS1E0S26R4/oybgzHoxn42VcWjAmPevoB4zXD6B1mTY=</latexit>

(xt, yt) arbitrary

Halving Algorithm

Yet ha xx



Online learning - Adversarial
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

Adversarial
<latexit sha1_base64="eTtKClmksEV8UnbMjfNVUAAIZcU=">AAACB3icdVDLSgMxFM3UV62vUZeCBIugIGVmWlvdFd24VLCt0A5DJk01NPMguSMOQ3du/BU3LhRx6y+482/M2AoqekLgcM69N7nHjwVXYFnvRmFqemZ2rjhfWlhcWl4xV9faKkokZS0aiUhe+EQxwUPWAg6CXcSSkcAXrOMPj3O/c82k4lF4DmnM3IBchnzAKQEteebmzo0He6kHu7iXH2A3kBHpc5BEpiPPLFuVw4O6s+9gq2JZDadaz4nTqDlVbGslRxlNcOqZb71+RJOAhUAFUaprWzG4eiJwKtio1EsUiwkdkkvW1TQkAVNu9rnHCG9rpY8HkdQ3BPypfu/ISKBUGvi6MiBwpX57ufiX101gcOBmPIwTYCEdPzRIBIYI56HgPpeMgkg1IVRy/VdMr4gkFHR0JR3C16b4f9J2Kna9Yp/Vys2jSRxFtIG20A6yUQM10Qk6RS1E0S26R4/oybgzHoxn42VcWjAmPevoB4zXD6B1mTY=</latexit>

(xt, yt) arbitrary

Halving Algorithm
Either the algorithm doesn’t make mistake, 
or at least half of hypotheses are discarded



Online learning - Adversarial
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

Adversarial
<latexit sha1_base64="eTtKClmksEV8UnbMjfNVUAAIZcU=">AAACB3icdVDLSgMxFM3UV62vUZeCBIugIGVmWlvdFd24VLCt0A5DJk01NPMguSMOQ3du/BU3LhRx6y+482/M2AoqekLgcM69N7nHjwVXYFnvRmFqemZ2rjhfWlhcWl4xV9faKkokZS0aiUhe+EQxwUPWAg6CXcSSkcAXrOMPj3O/c82k4lF4DmnM3IBchnzAKQEteebmzo0He6kHu7iXH2A3kBHpc5BEpiPPLFuVw4O6s+9gq2JZDadaz4nTqDlVbGslRxlNcOqZb71+RJOAhUAFUaprWzG4eiJwKtio1EsUiwkdkkvW1TQkAVNu9rnHCG9rpY8HkdQ3BPypfu/ISKBUGvi6MiBwpX57ufiX101gcOBmPIwTYCEdPzRIBIYI56HgPpeMgkg1IVRy/VdMr4gkFHR0JR3C16b4f9J2Kna9Yp/Vys2jSRxFtIG20A6yUQM10Qk6RS1E0S26R4/oybgzHoxn42VcWjAmPevoB4zXD6B1mTY=</latexit>

(xt, yt) arbitrary



Online learning

- When  is chosen adversarially empirical risk minimization can do arbitrarily 
badly. But there exist smarter approaches (like Halving algorithm) that make 
only  mistakes 

xt

log(H )

- When  is drawn IID, empirical risk minimization results in only a number of 
mistakes that grows like 

xt
log(T )log(H )

Assuming there exists a perfect classifier :h*

Questions?

Assuming that your data is IID is a very strong assumption that is almost never 
true in practice. Online learning is a different paradigm that makes no assumptions 
but still yields meaningful guarantees.



Exponential weights



Expert prediction

Suppose  is a vector of d experts predictions of tomorrow’s temperature.  bt ∈ [0,1]d

=1t =2t =3t
Expert 1
Expert 2
Expert 3

=4t =5t …

6
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Expert prediction

True temperature
th expert’s predictioni

Suppose  is a vector of d experts predictions of tomorrow’s temperature.  bt ∈ [0,1]d

=1t =2t =3t
Expert 1
Expert 2
Expert 3

=4t =5t …

Zal It



Expert prediction

True temperature
th expert’s predictioni

Goal: Minimize 
regret wrt best

Suppose  is a vector of d experts predictions of tomorrow’s temperature.  bt ∈ [0,1]d

=1t =2t =3t
Expert 1
Expert 2
Expert 3

=4t =5t …

i II 2 It Eli



Expert prediction
Goal: Minimize 
regret wrt best

Exponential weights algorithm



Expert prediction
Goal: Minimize 
regret wrt best

Exponential weights algorithm

Choosing  gives regret bound of  η = 8 log(d )
T

T log(d )/2



Online learning in 
non-separable case



Online learning
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

Settings of interest:

IID
<latexit sha1_base64="dRhfmSunpIxz0cwXiESiRKE9+jQ=">AAAB+3icdVBNS8NAEN3Ur1q/Yj16WSxCBSlJkdreil48VrAf0JSw2W7bpZtN2J1IS+lf8eJBEa/+EW/+GzdtBRV9MPB4b4aZeUEsuAbH+bAya+sbm1vZ7dzO7t7+gX2Yb+koUZQ1aSQi1QmIZoJL1gQOgnVixUgYCNYOxtep375nSvNI3sE0Zr2QDCUfcErASL6dL058OJ/6cIY9zUPsycS3C07JMahUcErcquMaUqtVy+UadheW4xTQCg3ffvf6EU1CJoEKonXXdWLozYgCTgWb57xEs5jQMRmyrqGShEz3Zovb5/jUKH08iJQpCXihfp+YkVDraRiYzpDASP/2UvEvr5vAoNqbcRknwCRdLhokAkOE0yBwnytGQUwNIVRxcyumI6IIBRNXzoTw9Sn+n7TKJbdScm8vCvWrVRxZdIxOUBG56BLV0Q1qoCaiaIIe0BN6tubWo/VivS5bM9Zq5gj9gPX2CRcDk9o=</latexit>

(xt, yt) ⇠ ⌫

Adversarial
<latexit sha1_base64="eTtKClmksEV8UnbMjfNVUAAIZcU=">AAACB3icdVDLSgMxFM3UV62vUZeCBIugIGVmWlvdFd24VLCt0A5DJk01NPMguSMOQ3du/BU3LhRx6y+482/M2AoqekLgcM69N7nHjwVXYFnvRmFqemZ2rjhfWlhcWl4xV9faKkokZS0aiUhe+EQxwUPWAg6CXcSSkcAXrOMPj3O/c82k4lF4DmnM3IBchnzAKQEteebmzo0He6kHu7iXH2A3kBHpc5BEpiPPLFuVw4O6s+9gq2JZDadaz4nTqDlVbGslRxlNcOqZb71+RJOAhUAFUaprWzG4eiJwKtio1EsUiwkdkkvW1TQkAVNu9rnHCG9rpY8HkdQ3BPypfu/ISKBUGvi6MiBwpX57ufiX101gcOBmPIwTYCEdPzRIBIYI56HgPpeMgkg1IVRy/VdMr4gkFHR0JR3C16b4f9J2Kna9Yp/Vys2jSRxFtIG20A6yUQM10Qk6RS1E0S26R4/oybgzHoxn42VcWjAmPevoB4zXD6B1mTY=</latexit>

(xt, yt) arbitrary

Goal: Minimize regret wrt best



Online learning
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

Settings of interest:

IID
<latexit sha1_base64="dRhfmSunpIxz0cwXiESiRKE9+jQ=">AAAB+3icdVBNS8NAEN3Ur1q/Yj16WSxCBSlJkdreil48VrAf0JSw2W7bpZtN2J1IS+lf8eJBEa/+EW/+GzdtBRV9MPB4b4aZeUEsuAbH+bAya+sbm1vZ7dzO7t7+gX2Yb+koUZQ1aSQi1QmIZoJL1gQOgnVixUgYCNYOxtep375nSvNI3sE0Zr2QDCUfcErASL6dL058OJ/6cIY9zUPsycS3C07JMahUcErcquMaUqtVy+UadheW4xTQCg3ffvf6EU1CJoEKonXXdWLozYgCTgWb57xEs5jQMRmyrqGShEz3Zovb5/jUKH08iJQpCXihfp+YkVDraRiYzpDASP/2UvEvr5vAoNqbcRknwCRdLhokAkOE0yBwnytGQUwNIVRxcyumI6IIBRNXzoTw9Sn+n7TKJbdScm8vCvWrVRxZdIxOUBG56BLV0Q1qoCaiaIIe0BN6tubWo/VivS5bM9Zq5gj9gPX2CRcDk9o=</latexit>

(xt, yt) ⇠ ⌫

Goal: Minimize regret wrt best

<latexit sha1_base64="xB+H8rS9JexS7YOlmtvfQ70fQJ0="></latexit>

We know learning theory! Choose ht 2 argminh2H

Pt�1
s=1 1{h(xs) 6= ys}



Online learning
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

Settings of interest:

IID
<latexit sha1_base64="dRhfmSunpIxz0cwXiESiRKE9+jQ=">AAAB+3icdVBNS8NAEN3Ur1q/Yj16WSxCBSlJkdreil48VrAf0JSw2W7bpZtN2J1IS+lf8eJBEa/+EW/+GzdtBRV9MPB4b4aZeUEsuAbH+bAya+sbm1vZ7dzO7t7+gX2Yb+koUZQ1aSQi1QmIZoJL1gQOgnVixUgYCNYOxtep375nSvNI3sE0Zr2QDCUfcErASL6dL058OJ/6cIY9zUPsycS3C07JMahUcErcquMaUqtVy+UadheW4xTQCg3ffvf6EU1CJoEKonXXdWLozYgCTgWb57xEs5jQMRmyrqGShEz3Zovb5/jUKH08iJQpCXihfp+YkVDraRiYzpDASP/2UvEvr5vAoNqbcRknwCRdLhokAkOE0yBwnytGQUwNIVRxcyumI6IIBRNXzoTw9Sn+n7TKJbdScm8vCvWrVRxZdIxOUBG56BLV0Q1qoCaiaIIe0BN6tubWo/VivS5bM9Zq5gj9gPX2CRcDk9o=</latexit>

(xt, yt) ⇠ ⌫

Adversarial
<latexit sha1_base64="eTtKClmksEV8UnbMjfNVUAAIZcU=">AAACB3icdVDLSgMxFM3UV62vUZeCBIugIGVmWlvdFd24VLCt0A5DJk01NPMguSMOQ3du/BU3LhRx6y+482/M2AoqekLgcM69N7nHjwVXYFnvRmFqemZ2rjhfWlhcWl4xV9faKkokZS0aiUhe+EQxwUPWAg6CXcSSkcAXrOMPj3O/c82k4lF4DmnM3IBchnzAKQEteebmzo0He6kHu7iXH2A3kBHpc5BEpiPPLFuVw4O6s+9gq2JZDadaz4nTqDlVbGslRxlNcOqZb71+RJOAhUAFUaprWzG4eiJwKtio1EsUiwkdkkvW1TQkAVNu9rnHCG9rpY8HkdQ3BPypfu/ISKBUGvi6MiBwpX57ufiX101gcOBmPIwTYCEdPzRIBIYI56HgPpeMgkg1IVRy/VdMr4gkFHR0JR3C16b4f9J2Kna9Yp/Vys2jSRxFtIG20A6yUQM10Qk6RS1E0S26R4/oybgzHoxn42VcWjAmPevoB4zXD6B1mTY=</latexit>

(xt, yt) arbitrary

Goal: Minimize regret wrt best

T log(d )/2



Online learning
<latexit sha1_base64="7hpWuRDLtZIcZ+LovmExZHi/50E="></latexit>

Input: H with |H| < 1

for t = 1, 2, . . .
xt arrives
Player picks ht 2 H

yt is revealed
Player receives loss `(ht, (xt, yt)) = 1{ht(xt) 6= yt}

Settings of interest:

IID
<latexit sha1_base64="dRhfmSunpIxz0cwXiESiRKE9+jQ=">AAAB+3icdVBNS8NAEN3Ur1q/Yj16WSxCBSlJkdreil48VrAf0JSw2W7bpZtN2J1IS+lf8eJBEa/+EW/+GzdtBRV9MPB4b4aZeUEsuAbH+bAya+sbm1vZ7dzO7t7+gX2Yb+koUZQ1aSQi1QmIZoJL1gQOgnVixUgYCNYOxtep375nSvNI3sE0Zr2QDCUfcErASL6dL058OJ/6cIY9zUPsycS3C07JMahUcErcquMaUqtVy+UadheW4xTQCg3ffvf6EU1CJoEKonXXdWLozYgCTgWb57xEs5jQMRmyrqGShEz3Zovb5/jUKH08iJQpCXihfp+YkVDraRiYzpDASP/2UvEvr5vAoNqbcRknwCRdLhokAkOE0yBwnytGQUwNIVRxcyumI6IIBRNXzoTw9Sn+n7TKJbdScm8vCvWrVRxZdIxOUBG56BLV0Q1qoCaiaIIe0BN6tubWo/VivS5bM9Zq5gj9gPX2CRcDk9o=</latexit>

(xt, yt) ⇠ ⌫

Adversarial
<latexit sha1_base64="eTtKClmksEV8UnbMjfNVUAAIZcU=">AAACB3icdVDLSgMxFM3UV62vUZeCBIugIGVmWlvdFd24VLCt0A5DJk01NPMguSMOQ3du/BU3LhRx6y+482/M2AoqekLgcM69N7nHjwVXYFnvRmFqemZ2rjhfWlhcWl4xV9faKkokZS0aiUhe+EQxwUPWAg6CXcSSkcAXrOMPj3O/c82k4lF4DmnM3IBchnzAKQEteebmzo0He6kHu7iXH2A3kBHpc5BEpiPPLFuVw4O6s+9gq2JZDadaz4nTqDlVbGslRxlNcOqZb71+RJOAhUAFUaprWzG4eiJwKtio1EsUiwkdkkvW1TQkAVNu9rnHCG9rpY8HkdQ3BPypfu/ISKBUGvi6MiBwpX57ufiX101gcOBmPIwTYCEdPzRIBIYI56HgPpeMgkg1IVRy/VdMr4gkFHR0JR3C16b4f9J2Kna9Yp/Vys2jSRxFtIG20A6yUQM10Qk6RS1E0S26R4/oybgzHoxn42VcWjAmPevoB4zXD6B1mTY=</latexit>

(xt, yt) arbitrary

Goal: Minimize regret wrt best



Online learning

This section does not assume there exists a perfect classifier  but still has strong 
guarantees on the regret even under adversarially chosen data!

h*

Questions?

Assuming that your data is IID is a very strong assumption that is almost never 
true in practice. Online learning is a different paradigm that makes no assumptions 
but still yields meaningful guarantees.

But requires enumerating hypotheses… not computationally efficient.  
What about infinite hypotheses?



Perceptron



Online learning
• Halving algorithm is efficient, but what about infinite 

hypothesis classes and computational efficiency?  
• Click prediction for ads is a streaming data task: 

– User enters query, predict if a particular ad will be clicked on or not 

□ Observe , and must predict  

– User either clicks or doesn’t click on ad 
• Label  is revealed afterwards 

– Google gets a reward if user clicks on ad 

– Update model for next time

xt ∈ ℝd yt ∈ {−1,1}

yt



Binary Classification

Assume data is linearly separable:



The Perceptron Algorithm [Rosenblatt ‘58, ‘62]

• Classification setting:  

• Linear model 
– Prediction:  

• Training:  
– Initialize weight vector:  
– At each time step: 

• Observe features: 
• Make prediction: 
• Observe true class: 

• Update model:  
– If prediction is not equal to truth

yt ∈ {−1,1}



The Perceptron Algorithm [Rosenblatt ‘58, ‘62]

• Classification setting:  

• Linear model 

– Prediction:      

• Training:  
– Initialize weight vector:     
– At each time step: 

• Observe features:     
• Make prediction:     
• Observe true class:       

• Update model:  
– If prediction is not equal to truth     

yt ∈ {−1,1}

sign(w⊤xt)

w1 = 0 ∈ ℝd

xt ∈ ℝd

sign(w⊤
t xt)

yt ∈ {−1,1}

wt+1 = wt + xtyt



Binary Classification

Assume data is linearly separable:



Rosenblatt 1957

"the embryo of an electronic computer that [the Navy] expects will be able to walk, 
talk, see, write, reproduce itself and be conscious of its existence."

The New York Times, 1958



Perceptron Analysis: Linearly Separable Case

• Theorem [Block, Novikoff]:  
– Given a sequence of labeled examples:  

– Each feature vector has bounded norm:  

– If dataset is linearly separable with a margin: 
  

then for  from perceptron we have   

(x1, y1), (x2, y2), …
∥x∥2

2 ≤ R2

Exists w* ∈ ℝd such that w⊤
* xtyt ≥ γ

wt

T

∑
t=1

1{sign(w⊤
t xt) ≠ yt} ≤ R2

γ2



Beyond Linearly Separable Case

• Perceptron algorithm is super cool! 
– No assumption about data distribution!  

• Could be generated by an oblivious adversary, no need to be iid 

– Makes a fixed number of mistakes, and it’s done for ever! 
• Even if you see infinite data 



Beyond Linearly Separable Case

• Perceptron algorithm is super cool! 
– No assumption about data distribution!  

• Could be generated by an oblivious adversary, no need to be iid 

– Makes a fixed number of mistakes, and it’s done for ever! 
• Even if you see infinite data 

• Perceptron is useless in practice! 
– Real world not linearly separable 
– If data not separable, cycles forever and hard to detect 
– Even if separable may not give good generalization accuracy (small margin)



What is the Perceptron Doing???

• When we discussed logistic regression: 
– Started from maximizing conditional log-likelihood 

• When we discussed the Perceptron: 
– Started from description of an algorithm 

• What is the Perceptron optimizing???? (Wait a few slides)



Online Convex 
Optimization



Convex surrogate loss functions

Previous section for the adversarial case suggested using multiplicative weights 
over the |H| hypotheses, which is completely intractable in practice.  
 
And in the stochastic case we used 
which is also intractable to compute!

<latexit sha1_base64="xB+H8rS9JexS7YOlmtvfQ70fQJ0="></latexit>

We know learning theory! Choose ht 2 argminh2H

Pt�1
s=1 1{h(xs) 6= ys}

So it seems we have no practical algorithm! Solution: relax the objective.



Convex surrogate loss functions

Previous section for the adversarial case suggested using multiplicative weights 
over the |H| hypotheses, which is completely intractable in practice.  
 
And in the stochastic case we used 
which is also intractable to compute!

<latexit sha1_base64="xB+H8rS9JexS7YOlmtvfQ70fQJ0="></latexit>

We know learning theory! Choose ht 2 argminh2H

Pt�1
s=1 1{h(xs) 6= ys}

So it seems we have no practical algorithm! Solution: relax the objective.

Instead of 

We use with convex



Convex surrogate loss functions

with convexGoal:

Online gradient descent



Proof



Questions?


